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Introduction to predictive analysis
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The algorithms and techniques seen so far have been focusing on understanding the data in different

ways. We have seen methods to summarize the data (like mean, median, and variance) and to study
the relationship between variables (like covariance and correlation), and check whether our

conclusions could be generalized to the population (statistical inference).

However, so far, we have been focusing on describing the data and its relationships in a somewhat

passive way: we observed variables or pairs of variables, computed scores and performed tests.

We will now look at data analysis from a new perspective: that of predictive modeling. This is a broad

field of data analysis, which is very overlapped with machine learning, with two main goals:

e understanding relationships between variables (inference)

¢ building models which can be used to make predictions on unseen data (prediction)

In both cases, the first step is to create a predictive model of the data. In this lesson, we will formally
define what we mean by a “model” and analyze the fundamental principles that guide the construction

of effective predictive systems.

Before to begin, let’s see a practical example. We will consider the Diabetes dataset. Let’s load and

visualize it:

# Import necessary libraries )
import pandas as pd

import matplotlib.pyplot as plt

import seaborn as sns

# Load the dataset served by this site. It is stored compressed; pandas works that
# out from the file name.

url = DATA + "cdc_diabetes_health_indicators.csv.gz"

df = pd.read_csv(url)

# Display the first few rows
df.head()
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The dataset comes from the Behavioral Risk Factor Surveillance System (BRFSS), the annual health
survey the US Centers for Disease Control runs by telephone. These are the 2015 responses: 253 680
people, each answering about their health, their habits and their diagnoses. Two things follow from
that and matter for everything below — the answers are self-reported, so they carry whatever people
misremember or would rather not say, and the respondents are the people a telephone survey reaches,

which is not the same as the population.
The columns we will use:

e BMI: body mass index (weight in kg divided by height in m squared)

e GenHlth: self-rated general health, from 1 (excellent) to 5 (poor)

e PhysHlth, MentHLlth: days of poor physical or mental health in the last 30
e HighBP, HighChol, Smoker, Stroke, HeartDiseaseorAttack: yes/no

e PhysActivity, Fruits, Veggies, HvyAlcoholConsump: yes/no habits

e Age, Education, Income: banded, not raw values — Age is a 1-13 bracket

e Diabetes_binary: the outcome, 1 if the respondent has been told they have diabetes

The outcome is positive in 13.9% of rows. That imbalance is not a nuisance to be fixed: it is the single
most useful thing about this dataset for what comes next, because a model that answers “no” every

time is right 86% of the time and has learned nothing.

What is a Model?

Before we go further, let’'s define what we mean by a “model”.

In the context of data analysis, a model is a simplified representation of reality. It is not reality itself,

but a formal abstraction of a real-world process, designed to serve a specific purpose.
A classic analogy is a geographical map:

e A map is a simplification: it is flat, while the Earth is round. It omits countless details—trees,
rocks, buildings.

¢ |nthat sense, a map is technically “wrong”.

This leads us to a famous aphorism from statistician George Box:
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“All models are wrong, but some are useful.”

This is one of the most important ideas in modeling. A data model—whether statistical or machine

learning—is like a map:

e |tis a simplification of a complex real-world process (e.g., the relationship between blood test
results and diabetes).

e [tis “wrong” because it cannot capture every nuance of that process.

e But it becomes useful if it helps us achieve our goal—whether that goal is to understand the

process or to predict its outcomes.

The “right” model is not the most complex one, but the simplest one that is most useful for our goal.

Example

Let’s consider a concrete example using the CDC BRFSS survey.

Suppose we want to understand the distribution of BMI (Body Mass Index) among patients. We can

summarize this data by fitting a Gaussian (Normal) distribution to the BMI values.

This Gaussian distribution is a model. It's a mathematical function defined by two parameters: the

mean (ut) and the standard deviation (o).

Why is this model “wrong”?

1. The actual data consists of a finite set of BMI measurements from real patients. Our model is a
smooth, continuous curve that approximates this distribution.

2. The Gaussian model extends from negative infinity to positive infinity. This implies a non-zero
probability of a patient having a negative BMI or an extremely high BMI, which are physiologically
implausible.

3. The real-world data will never perfectly match the idealized bell curve. There may be skewness,

outliers, or multiple peaks that the Gaussian model cannot capture.

Why is this model “useful”?

1. It’'s a powerful proxy for the data. Instead of analyzing hundreds of individual BMI values, we can
summarize the entire distribution with just two numbers: (1 and o.

2. It helps us understand the data. We gain insight into the “typical” BMI and how much variation
exists across the population.

3. It allows us to make reasonable inferences. For example, we can estimate that approximately
95% of patients have a BMI between . — 20 and p + 20, which helps in identifying outliers or
high-risk individuals.

This simple model, while imperfect, is incredibly useful for understanding the structure of our data.
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We can also verify this claim numerically:

Mean BMI: 28.38

Standard Deviation: 6.61

Patients within 1 std dev: 196003 out of 253680
Percentage within 1 std dev: 77.26%

Predictive Models

Beyond the Gaussian example above, when we perform predictive analysis, we assume in general to

observe:

e Avariable Y, which we usually call the dependent variable or response variable - this is the
variable we want to predict;
e Asetof variables X = (X1, X5, ..., X,,) %, which we usually call our predictors - this are

variables we want to use to predict Y.
We can express a predictive model with this general form:
Y=f(X)+e
where:

e fis our predictive model - we want to find this function (more on this later);
e cisthe error term - since it's very hard to have perfect predictions (e.g., due to randomness in the

data), we introduce this term to capture the errors that the model will make.
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Example

In our example, we may be interested in predicting how a person rates their own health ( GenHlth, 1

for excellent to 5 for poor) from their body mass index. If we look at the data, we may imagine an f

function like the one drawn in red below. The survey has 253 680 rows, far more than a scatter plot

Antonino Furnari - Chapter 15

can show, so this draws a random sample of 2 000 of them — the trend line is what carries the point,
not the individual dots:
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The Main Goal: Understanding vs. Predicting

Now that we have a definition of a model, we must address the primary reason for building one. The

“usefulness” of a model, as George Box famously said, depends entirely on our goal. In data analysis,

we typically pursue two main—sometimes competing—objectives: Understanding and Predicting.
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The first objective is Explanation, or Statistical Inference. The central question is “Why?”

- Chapter 15

When our goal is understanding, we use models to open up the “black box” of a real-world process.

We aim to quantify relationships between variables and interpret their effects.

e Primary Goal: To interpret the model’s parameters (e.g., coefficients, p-values) to gain insights.

e Key Question: “What is the relationship between variable X and variable Y ?” or “How much

does Y change if | change X ?”

Example (from the CDC survey):

Suppose we want to understand how BMI and HighBP influence diabetes. We may build a model

which predicts the values of Diabetes_binary from BMI and HighBP . Interpreting the model, we

may find that:

e A one-unitincrease in BMI is associated with a 6% increase in the odds of having diabetes.

e BMI and HighBP can explain the values of Diabetes_binary only in a limited way (e.g., they

explain only a limited amount of variance).

Here, our goal is not to predict whether a specific patient has diabetes, but to interpret the

relationships and assess which factors are most influential.

Predicting (Prediction)

The second objective is Prediction. The central question is “What will happen next?”

When our goal is prediction, we care less about why the model works and more about how well it

performs. The model’s value lies in its ability to accurately forecast outcomes for new or unseen data.
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e Primary Goal: To generate the most accurate predictions possible on new data.

e Key Question: “Given a new observation X, what is the most likely value of Y ?”
Example (from the CDC survey):

Imagine we're building a screening tool. A new respondent arrives with known values for BMI ,

HighBP , Age , and other features. Our model predicts a 78% probability that they have diabetes.

In this case, we're not focused on interpreting coefficients—we’re focused on accuracy and reliability of

the prediction to inform medical decisions.

The Best of Both Worlds: Where Goals Overlap

These two goals are not mutually exclusive. The most powerful models often support both inference

and prediction.
Example: Diabetes Risk Management
A healthcare provider may ask:

1. Prediction: Which patients are most likely to develop diabetes in the next year? (We need a high-
performing model to flag at-risk individuals.)

2. Understanding: What are the key drivers of diabetes risk in our population? (We need an
interpretable model to guide public health interventions—e.g., targeting obesity or glucose

control.)
Example: Feature Importance in Diagnosis
A machine learning model might predict diabetes with high accuracy, but clinicians also want to know:

e Which features (e.g., BMI , HighBP, Age ) are most influential?

e Can we explain the model’s decisions to patients and other stakeholders?

As we'll see, some techniques are designed for Understanding (e.g., linear regression, logistic
regression ), while others excel at Prediction (e.g., naive Bayes, K-Nearest Neighbor ). Many

models, like regularized regression, can serve both purposes if used thoughtfully.

Ultimately, our job as data scientists is to be clear about which goal we're pursuing and to choose tools

that best support that goal.

7/30



Fundamentals of Data Analysis - Lecture notes - A.Y. 2026/27 Antonino Furnari - Chapter 15

The Two Approaches: Statistics vs. Machine Learning

Statisical Glass Box Machine Learning
Black Box

Understanding Why Prediction f;ibWhat

The two goals we just discussed—Understanding and Predicting—have led to the development of two
major approaches, or “cultures,” in data modeling. While they share many of the same mathematical

tools (like regression), their end-goals and methods for success are very different.

The Statistical Approach (The “Glass Box”)

This approach is primarily focused on Understanding and Inference. It treats the model as a “glass

box,” where our primary goal is to look inside and understand its mechanisms.

e Primary Goal: To understand the relationship between variables and draw conclusions about the
real-world process.
e Key Question: “Is the relationship | see in my sample data real (statistically significant), or is it just
due to random chance?”
e Methodology:
o Relies heavily on assumptions about the data (e.g., variables are normally distributed,
observations are independent).
o Focuses on hypothesis testing, p-values, and confidence intervals.
o The entire dataset is typically used to fit the model and test its significance.

o Interpretability is a requirement. A model that cannot be explained is not considered useful.

The Machine Learning Approach (The “Black Box”)

This approach is primarily focused on Prediction and Accuracy. It often treats the model as a “black

box”: if it produces the right answer, we don’t always need to know how it got there.

¢ Primary Goal: To build a model that makes the most accurate predictions possible on new,

unseen data.
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e Key Question: “When | feed new data into my model, how often does it give the correct answer?”
e Methodology:
o |s results-driven and makes fewer assumptions about the underlying data.
o Relies on splitting the data into training, validation, and test sets to simulate a “future”
scenario.
o The model’s success is not measured by p-values, but by its performance on the test set
(e.g., accuracy, error rate).
o Interpretability is a bonus, not a requirement. A very complex but highly accurate model is

often preferred over a simple but less accurate one.
Example: the CDC BRFSS survey
This survey is a good example of where both approaches are valuable.

e A Statistical (Glass Box) Goal: A medical researcher wants to understand the risk factors for
diabetes in this population. They would build an interpretable model (like Logistic Regression)
using the entire dataset. Their goal is not to predict for a new patient, but to publish a paper
stating, “We found that BMI and high blood pressure are the most significant risk factors, with p-

values < 0.01.” They care about the coefficients and p-values.

e An ML (Black Box) Goal: A health tech company wants to build a mobile app that predicts a
user’s diabetes risk. They don’t care about p-values; they just want the highest accuracy. They
will use a train/test split and try many complex models. If a “black box” neural network gets 80%
accuracy on the test set, while the simple logistic regression only gets 75%, they will use the

neural network for their app.

The Model Complexity - Interpretability Trade-off

Model Complexity — Interpretability Trade-Off

\
g% Linear Regression

@2 Neural Network

@ Neural Network

Model Interpretability

Model Complexity
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The contrast between these two approaches highlights one of the most important practical challenges

in data modeling: the Model Complexity - Interpretability Trade-off.

Generally, as the complexity of a model (its capacity, or the “number of knobs” it can turn) increases,

its interpretability (our ability to understand why it makes a certain decision) decreases.

e Simple Models (Low Complexity):

o Examples: Simple Linear Regression, Logistic Regression.

o These models are on the low-complexity, high-interpretability end of the spectrum. When
applied to this survey, a Logistic Regression model gives you a clean formula. We can easily
look at the coefficients to say, “A one-unit increase in BMl increases the log-odds of diabetes
by X.”

o They are “glass boxes,” perfect for the Statistical (Understanding) goal. The risk is that they
may be “too simple” (high bias) and fail to capture the complex, non-linear interactions
between variables like ‘GenHlth’ and ‘BMI’, leading to lower predictive accuracy.

e Complex Models (High Complexity):

o Examples: Naive Bayes, K-Nearest Neighbor, other advanced models (e.g., Neural Networks,
Decision Trees, etc.)

o These models are on the high-complexity, low-interpretability end. When applied to this
survey, a Deep Neural Network might learn from millions of parameters interacting in ways
that are not human-readable.

o Their high capacity makes them excellent for the Machine Learning (Prediction) goal, as they
can capture those subtle patterns (low bias) and may achieve higher accuracy. The risk is that
they are “black boxes”; they can't easily explain to a patient why they were flagged as high-

risk.

Choosing a model, therefore, is not just about finding the most accurate one. It's about making a

conscious decision about this trade-off based on your primary goal.

The Problem Landscape

Now that we have established the goals of modeling (Understanding vs. Predicting), let's map out the
types of problems we can solve. The most fundamental distinction in machine learning is between

Supervised and Unsupervised learning.

Supervised Learning: Learning with an Answer Key

In supervised learning, our dataset contains both the input features (X)) and the correct answer (y).

We are “supervising” the model by showing it thousands of examples and their corresponding

outcomes. The goal is to learn a mapping function, h, such that
g = h(X)

is a good predictor of y.
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A~

We often use (|, since we are predicting a value for y and to distinguish it from the correct value y. We

will also call the correct value y ground truth value.

Supervised learning is primarily divided into two types of problems: Regression and Classification.

1. Regression (Predicting a Number)

In a regression problem, the output variable y that we want to predict is a continuous numerical
value. Visually, the goal of regression is to find a function (like a line or a curve) that best fits the

continuous data points.

Key Question: “How much?” or “How many?”

For example, consider the problem of predicting the price of houses from the size in square meters:

Price (%) y(f)
in 1000's 200 —
300 —
200 —
100 —
0 T T T T 1 Xir)
0 500 1000 1500 2000 2500

Size in square meters

Other Examples:

e Market Risk or Stock Price Prediction. Given a company’s historical data (X)), what will its stock
price (y) be tomorrow? The output is a number (e.g., $150.25).
e Predicting a Student’s Score. Given a student’s study hours, past grades, and attendance (X),

what will their final exam score (y) be? The output is a number (e.g., 87.5).
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2. Classification (Predicting a Label)

In a classification problem, the output variable y that we want to predict is a discrete category or
label. Visually, the goal of classification is to find a “boundary” that best separates the different
labeled groups.

Key Question: “Which one?” or “Is this A or B?”

For example, the plot below illustrates how a classifier learns a “boundary” to separate two different
groups of patients, one with a disease (Class 1) and one without (Class 0), based on their age and the

result of a blood test.

Classification: Finding a Boundary Between Classes
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Other examples:

e Spam Filter (Binary Classification). Given an email’s content (X), is it spam or not-spam ? The
output ¥y is one of two labels.

e Medical Diagnosis (Binary Classification). Given a patient’'s symptoms and test results (X)), do
they have the disease or no-disease ?

e Customer Churn (Binary Classification). Given a customer’s usage and support history (X), will
they churn (leave) or stay next month?

¢ Image Recognition (Multiclass Classification). Given an image (X), isita cat, dog, or bird?

The output y is one of several labels.
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Unsupervised Learning: Learning without an Answer Key

In unsupervised learning, our dataset only contains the input features (X'). We do not have a correct
answer Y to learn from. The goal is not to predict an outcome, but to find hidden structure, patterns,

or groupings within the data itself.

1. Clustering (Finding Groups)

Clustering is the most common unsupervised task. The goal is to automatically group similar data
points together into “clusters” based on their features. Visually, the goal of clustering is to discover

these “hidden” groups in data that does not have any pre-existing labels.

Key Question: “What are the natural groups in my data?”

For example, let’s look at the “Customer Segmentation” problem. A company might have data on its
customers, such as their Age and their Spending Score , but no pre-existing “groups” or labels. The
data is unsupervised. A clustering algorithm’s job is to analyze this unlabeled data and discover the
hidden structure. As the plot below illustrates, the algorithm might automatically find three distinct
clusters, which a business analyst could then identify as, for instance, “Young Savers”, “Prime
Spenders”, and “Older Savers”. The company can then create targeted marketing campaigns for each

discovered group.

Clustering: Discovering Customer Segments
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2. Dimensionality Reduction

Dimensionality Reduction is the process of reducing the number of features (dimensions) in a dataset,

while trying to retain as much of the original information as possible.

Instead of 100 features, we might find 2 or 3 “summary” features (called principal components) that

capture most of the original data’s variance.

e Key Question: “Can | represent my data with fewer features without losing its essential
structure?”

e Why it's useful:
1. Visualization: It allows us to plot complex, high-dimensional data (e.g., 50 features) on a 2D

or 3D graph.
2. Efficiency: It makes other machine learning models (like regression or classification) faster
and more stable by removing redundant, noisy features.

e Example: Principal Component Analysis (PCA) .

3. Anomaly Detection

Anomaly Detection (or Outlier Detection) is the task of identifying data points that are rare and

significantly different from the majority of the data.

This is an unsupervised task because we don’t have a pre-labeled list of “anomalies.” We just have a

large set of mostly “normal” data, and our goal is to find the “odd ones out.”

e Key Question: “Does this new data point look ‘normal’ compared to everything else?”
e Example: Fraud Detection . Given 1,000,000 normal credit card transactions, can we identify
the 5 transactions that are fraudulent? Other examples include monitoring for a failing server in a

data center or finding defective products on an assembly line.

Parametric vs. Non-Parametric Models

There are different types of models. A fundamental way to categorize these models is by how they

handle their own complexity—specifically, whether their number of parameters is fixed or flexible.

Parametric Models: The “Fixed” Approach

A parametric model is one that makes strong assumptions about the form of the function f(X) It

“locks in” its structure before it even sees the data.

The defining feature of a parametric model is that it has a fixed number of parameters, regardless of

the size of the training dataset.

e How it works: The model “learns” by finding the best values for its finite set of parameters (e.g.,
by minimizing empirical risk).

e Examples:
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o Linear Regression: The model is pre-defined by the equation

h(z) = By + Brz1 + ... + Bpn o o o
( oEEEEEEEEEmmmmmmmmm» » - | heonly things it can learn are the coefficients (

/807""/811%

«@m» » ) No matterifyouhave 100 or 100 million data points, the model is still just
this set of B parameters.
o Logistic Regression: Same as linear, but squashes the output with a logistic function. It still
only learns a fixed set of B parameters.

o Naive Bayes: Learns a fixed set of probabilities for each feature.
The Trade-off:

e Pros:
o Simpler: They are easier to understand and interpret (“glass box”).
o Faster: They are fast to train.
o Less Data: They don’t require as much training data.
e Cons:
o Constrained: They are “biased” by their initial assumption (e.g., that the data is linear). If the
true relationship is highly complex, a parametric model will fail to capture it.

o Risk: They are prone to underfitting.

Non-Parametric Models: The “Flexible” Approach

A non-parametric model is one that makes very few or no assumptions about the form of the true
function f(X). It lets the data “speak for itself.”

The defining feature of a non-parametric model is that the number of parameters is not fixed. The

model’s structure and complexity grow as the amount of training data increases.

e How it works: The model “learns” by essentially fitting itself to the training data. The model is the
data.
e Examples:
o k-Nearest Neighbors (KNN): To make a prediction for a new point, the model literally has to
look at the “k” closest points from the entire training set. If your training set doubles, the

“model” (the stored data it refers to) doubles.
The Trade-off:

e Pros:
o Flexible: They can fit a much wider range of functional forms.
o Less Bias: They are not limited by a wrong assumption and can capture the true, complex
pattern in the data.
e Cons:
o More Data: They require a lot more data to learn effectively.
o Slower: They are often much slower to train.

o Less Interpretable: They are often “black boxes.”
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o Risk: They are highly prone to overfitting (memorizing the noise in the data).

Why This Matters: The Bias-Variance Connection

This choice is the practical embodiment of the Bias-Variance Tradeoff that we will discuss next.

e When you choose a Parametric Model, you are placing a big bet on your initial assumption (e.g.,
“the data is linear”). You are deliberately choosing a high-bias, low-variance approach.
e When you choose a Non-Parametric Model, you are assuming you have enough data for the true

pattern to reveal itself. You are choosing a low-bias, high-variance approach.

The next challenge, which we will cover, is how to control the complexity of these models to find the

perfect “sweet spot” between underfitting and overfitting.

The “Learning” Principle

Now that we have distinguished between Supervised (learning with an answer key) and Unsupervised

(learning without one) problems, let’s build a formal framework.

For the rest of this discussion, we will focus exclusively on the Supervised Learning problem, as the

concepts of “learning” and “prediction error” are most formally defined there.

Formal Problem Formulation

Let X and ) be two spaces of objects. We can see them as the sample spaces of two random
variables X and Y, with x € X and y € Y being two realizations of the random variables: X =
andY =y.

As defined in the previous section, the goal of predictive modeling is to find a function (or hypothesis)

h:
h:X—=)Y

which outputs an object § € ), given an object £ € X. We use the symbol y to refer to the true value

Y
(or ground truth) associated with x, while (, will represent the prediction obtained using our function

h:
g = h(z)

Example 1: Medical Diagnosis

We can imagine X = ™ and Y = {0, 1}, with x € R™ being a numerical vector representing the
results of different blood tests, while y € {0, 1} is a response variable indicating whether the subject

has (1) or does not have (0) a given disease. Finding an appropriate h will allow us to predict

g = h(x).

16/30



Fundamentals of Data Analysis - Lecture notes - A.Y. 2026/27 Antonino Furnari - Chapter 15

Example 2: Simple Spam Filter
We want to build a spam filter where X is the set of all possible emails and Y = {0, 1}. Let f(x) be

a function that counts the number of orthographical mistakes in an email . We can define our

hypothesis h as:

1 if f(z)>46

0 otherwise

h(z) =

Parameters: What the Model Learns

The function h is rarely defined explicitly. Instead, it is a parametric model, and the “learning” process

consists of finding the best values for its parameters.

The threshold @ in Example 2 is a perfect, simple example of a parameter. It is a “knob” that the

learning algorithm must tune. A different value for € creates a different hypothesis function h.

A more complex model, like a linear regressor (which we will see soon), will have different parameters

IBOa/Blw"a/Bne

(e.g., coefficients ( eummmmmm » )- The set of all possible functions h that we can create by changing

the parameters is called the class of functions (or hypothesis space) H.

The question is: how do we find the best parameters?

The Learning Process: Statistical Learning and Risk

To find the “best” h from our hypothesis space H, we need a way to measure how “good” it is. We do

this by defining a loss (or cost) function, L(Q, y), which measures the penalty for making a prediction

A

() when the true value is y.

Ideally, we want to find the function A* that has the lowest possible loss on average over all possible
data, not just the data we have. This “true” average loss is called the Risk R(h), defined as the
expected loss under the true (but unknown) joint probability distribution P(X,Y"):

R(h) = E(z,y)wP(X,Y) [L(h(x)a y)]
The goal of statistical learning is to solve this optimization problem:

h* = arg min R(h)
heH

Empirical Risk Minimization (ERM): The Practical Method

There is a major problem: we can almost never compute the true Risk R(h) because we do not know
the true distribution P(X,Y).
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However, we do have a dataset, often called a Training Set (TR), of /N examples, which we assume is

a representative sample from P(X,Y):
TR = {(xhyi) ?LI

By the law of large numbers, we can get a good estimate of the true Risk by simply calculating the

average loss over our training set. This is called the Empirical Risk Remp(h) =t

1 N
Remp(h) = ﬁ ZL(h(mi)ayi)

i=1

This leads to the central “learning” principle of machine learning: the Empirical Risk Minimization
(ERM) principle. It states that since we cannot find the h that minimizes the true Risk, the best we can

do is choose the hypothesis ﬁ that minimizes the empirical risk:

h = arg min Remp(h)
het

A learning algorithm is simply an optimization algorithm that solves this problem: it takes the training

set TR and finds the parameters for h that minimize the empirical risk.

You Have Already Done This: Least Squares Is ERM

This is not a new idea, only a new name for one you met in chapter 8. Take the squared error as the

loss:

L(h(z;),y:) = (h(z;) — yi)2
and the empirical risk becomes the mean residual sum of squares:

Remp(h) = 1= S (h(a:) — 3i)? = = RSS

i=1

Minimising it over A is the same as minimising RSS, since 1/N is a constant:

h = arg min Repmp(h) = arg min RSS
heH heH
so ordinary least squares is empirical risk minimisation with a squared loss. What changes in Block
2 is not the machinery but the question: in chapter 8 we minimised RSS on all the data in order to
describe it; from here on we minimise it on a training set in order to predict data we have not seen, and

the gap between those two numbers is the whole subject.

Changing the loss changes the algorithm. The absolute error |h(xz) — yi| $ gives robust regression;
the logistic loss gives logistic regression; the hinge loss gives support vector machines. The principle

stays the same.
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Model Capacity

Before moving on, we need to define the crucial concept of model capacity. In simple terms, a model’s

capacity is its flexibility or complexity.

Formally, capacity is related to the size and richness of the hypothesis space H that the model can

choose from.

e Low Capacity Model:

o Has a small, constrained hypothesis space H.

o It can only represent a limited set of simple functions.

o Example: Modeling our hypothesis function with a simple line. It can only learn linear
functions (h(z) = By + B12 5), no matter what the data looks like. It is “biased” toward
simplicity.

o Risk: This model may be too simple to capture the true underlying pattern.

e High Capacity Model:

o Has a large, rich hypothesis space H.

o [t can represent a huge set of very complex functions.

o Example: A 10th-degree polynomial. It can learn extremely “wiggly” functions that can fit
almost any set of points perfectly.

o Risk: This model is so flexible that it can easily fit the random noise in the training data, not
just the signal. It might be very accurate for the data it has been trained on, but not for the

general distribution of the data.

Assessing Model Accuracy

Once we have used Empirical Risk Minimization (ERM) to “learn” a model fAL we need to know how

V'S
Remp v

good it is. A model that perfectly fits our training data (i.e,, hasalow ¢ ) ) is notnecessarily a good
model. Our ultimate goal is a model that generalizes well—that is, one that makes accurate

predictions on new, unseen data.
To do this, we must first define how to measure performance.

Measuring the quality of fit

To measure the “quality of fit” or performance of a model, we need a concrete evaluation metric. This
metric is sometimes the same as the loss function L(gj, y) we used in the ERM principle. It quantifies
the cost or error of our predictions. The specific metric we choose depends on the problem (e.g.,

regression vs. classification).
For regression problems, the most common metric is the Mean Squared Error (MSE).

If we choose our loss function L(y, ?j) = (y — g})z then the Mean Squared Error (MSE) is precisely

the Empirical Risk we are trying to minimize:
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Remp(h) = % Z(yz — h(z;))’* = MSE

i=1

This leads to a critical question: is a model with a very low MSE on our training data a good model?

Not necessarily.

Overfitting and Underfitting

This brings us to the central challenge of predictive modeling. The ERM principle tells us to find the
model iz that best fits the training data. But what is the risk of doing this?

Overfitting

This is the single biggest “pitfall” in machine learning. It happens when a model becomes too complex
and becomes too good at minimizing the empirical risk. It ends up “memorizing” the training data,

including its random noise and quirks.

As an example, consider the following model:
h(z) =y s.t. (z,y) € TR

The hypothesis il defined above will lead to an empirical risk equal to O as long as the loss function is

defined in such a way that L(y, y) = 0. Indeed:

N

Remp(h()) = N > L(y,y) =0

=1
However, the function above will not be defined for any value:

e Xst. (¢,y) ¢ TRVye)

Since we expect the training set to be a sample from the distribution P(X, Y), we expect such

values ' to exist (otherwise the training is the population, which is in general not true).

Underfitting

The phenomenon of overfitting is often related to the capacity of the model. A model with a large
capacity can represent very complex functions h and result in overfitting, while a model with a small
capacity can represent relatively simple functions h, making overfitting harder, but possibly resulting in
an underfitting model, i.e., a model which is too simple, and as a result cannot reach a low empirical

risk.

This is best seen with the example below:

20/30



Fundamentals of Data Analysis - Lecture notes - A.Y. 2026/27 Antonino Furnari - Chapter 15

Underfitting Appropriate Capacity Overfitting
1.00
e (xy)€TR e (X,Y)ETR
0.75 e (Y& TR | ® (X YETR
) —— Linear Fit —— Polynomial Fit (degree = 2)
0.50
° ° ° °
0.25 4 ) 4 J °
° .
>~ 0004 ® . > >
]
—0.25 4
—0.50 4 ..
°
0.75 e (xy)€TR
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-1.00 T T T T T T T T T T T T T T T T T T T T T T T T
0.0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X X X

The example shows the fit of three functions to the data. As can be noted:

e A line will lead to underfitting. In this case, the model is too simple to model the data well, so the
empirical risk will be large;

¢ A polynomial of high degree 5 (right) will minimize the empirical risk but find a complex model
which will not describe well data which has not been seen at training time. This is a case of
overfitting. The model is trying to model the idiosyncrasies of the training set (which can be noisy)
finding a solution which will work only on the data at hand;

e An appropriate degree (center) will lead to a model with an appropriate capacity. The empirical

risk is minimized and the solution also works with unseen data.

Note that this is another instance of the bias-variance tradeoff. Complex models (right) have
a large variance and a large bias: small variations of the training set are modeled and can
lead to wrong solutions. Models that are too simple (left) have a low variance, but can still
have a large bias (the model is too simple and the solution is not good). Choosing an
appropriate capacity (in this case by choosing an appropriate polynomial degree) leads to a

good trade-off between variance and bias.

The Bias-Variance Tradeoff

This choice of capacity of a model introduces one of the most important theoretical concepts in

machine learning: the Bias-Variance Tradeoff.

A

To understand this, let’s recall our goal. We are trying to build a model, (,, that best estimates the true

(but unknown) function f from our general formula, Y = f(X) + €

We just defined our metric for success in regression: the Mean Squared Error (MSE). We want to find a

A

model ) that has the lowest possible MSE, especially on new, unseen test data.
Io =
It can be mathematically proven that the expected test MSE at a given point 4 ;v can be decomposed

into three fundamental quantities:
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E[(yo — f(20))*] = [Bias(f (20))]* + Var(f(20)) + Var(e)

This formula is the key to understanding model performance. It tells us that the total expected error of

our model is the sum of three parts:

~

1. The Squared Bias ([Bias(f(z¢))]? %
o This is the error from “Underfitting”.

o Formally, Bias is the error introduced by approximating a real-life, complex function f with a

much simpler model ,. It's the difference between our model’s average prediction and the
true value.

o Conceptually, a high-bias model is “stubborn” and “stuck” in its simple assumptions. Low-
capacity models (like simple linear regression) have High Bias. They miss the true pattern
and have a high error on both the training and test sets.

2. The Variance (Var(f(z¢)) 2)

o This is the error from “Overfitting”.

~

o Formally, Variance refers to the amount by which our model ;, would change if we estimated
it using a different training dataset.

o Conceptually, a high-variance model is “nervous” or “unstable.” It is too sensitive to the
specific training data it saw. High-capacity models (like a high-degree polynomial) have High
Variance. They fit the training data’s noise perfectly (low training error) but fail to generalize
to the test set (high test error).

3. The Irreducible Error (Var(e))

o This is the variance of the error term € from our original formula Y = f(X) + €.

o Conceptually, this is the noise that exists in the real-world data itself. It's the part of the error
that cannot be reduced by any model, no matter how good it is. It represents the upper limit

on our model’s accuracy.

The Tradeoff

This decomposition shows the fundamental tradeoff:

e As we increase model capacity (e.g., add more polynomial terms):

o The model becomes more flexible, so Bias decreases (good!).

o The model becomes more sensitive to the training data, so Variance increases (bad!).
e As we decrease model capacity (e.g., simplify the model):

o The model's assumptions become too strong, so Bias increases (bad!).

o The model becomes more stable and less sensitive to noise, so Variance decreases (good!).

Our goal as data scientists is not to minimize bias or variance alone, but to find the “sweet spot”—the

optimal model capacity that minimizes the total error.

This leads to the next logical question: How do we find this sweet spot? In practice, there are different

ways to find this trade-off. In the example above, the degree of the polynomial can be used to reduce
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the capacity of the model. Another approach is to use regularization techniques, which we will see

later in the course.
This is shown in the figure below:

Bias-Variance Tradeoff

Optimum model complexity

Error

Total error

Variance

Bias?

Model complexity

Parameters vs. Hyperparameters

To control model capacity and prevent overfitting, we must distinguish between two types of

parameters:

1. Model Parameters: These are the values the model learns from the data during the training
process (i.e., through Empirical Risk Minimization). They are internal to the model and are the
direct output of the learning algorithm.

o Examples: The coefficients By, B1, - - - 5 in a linear regression; the weights in a neural
network.

2. Hyperparameters: These are the configuration settings for the learning algorithm itself. They are
external to the model and must be set before the training process begins. They act as “knobs” that
we use to control the model’s capacity and the learning process.

o Examples: The degree k in a polynomial regression (which directly controls capacity); the A
regularization parameter in Ridge or Lasso regression (which we will see later); the number of

clusters k in K-Means clustering.

The central challenge of model selection is this: The learning algorithm (ERM) can find the best

model parameters for a given set of hyperparameters, but it cannot choose the best hyperparameters
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for you.

For example, ERM can find the best 10th-degree polynomial, and it can find the best 2nd-degree
polynomial. But it cannot tell you whether the 10th-degree or the 2nd-degree polynomial is the better
choice. Choosing this k (the hyperparameter) is our job, and it's how we find the sweet spot in the

bias-variance tradeoff.

How Do We Find the Best Model? (Model Selection)

We have established that our central challenge is the bias-variance tradeoff. We must find a model

with the “sweet spot” of capacity to avoid both underfitting (high bias) and overfitting (high variance).

The process of finding this optimal model is called model selection. The method we use depends

directly on our primary goal: Understanding or Predicting.

Approach 1: Statistical Selection (for Understanding)

When our main goal is inference (the “glass box” approach), we select a model based on its ability to

best explain the data we have, often favoring simplicity.

This approach typically uses the entire dataset at once. We are not trying to predict the “future,” but to

find the most trustworthy explanation for the data we've observed.
We use statistical measures that balance model fit with model complexity:

e p-values: We test the significance of each variable and may remove those with high p-values (i.e.,
those that are likely just noise).
e Adjusted R2: This metric measures goodness-of-fit but penalizes the model for having extra

variables that don’t add real explanatory power.

Approach 2: Predictive Selection (for Predicting)

When our main goal is prediction (the “black box” approach), our selection criteria change entirely. We

no longer care about p-values. We only care about one thing: performance on unseen data.

The Golden Rule of Predictive Modeling: The performance of a model on the data it was
trained on is irrelevant. The only measure that matters is its performance on new, unseen
data.

We must find a way to measure a model’s performance on data it has never seen. Since we don’t have

a time machine, we simulate the future by splitting our existing data.

This is often needed when models are so complex that it is hard to even compute p-values or perform

statistical tests.
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There are a series of empirical approaches in this category, which we explore in the next sections.

However, before to proceed, we should point out that, while we could evaluate the performance of a
model with the empirical risk, in practice, it is common to use performance measures (the higher the
better) or error measures (the lower the better) which may be different from the loss function chosen
to train the algorithm. This is due to the fact that loss functions often need to have some properties to
facilitate learning, so they can represent an approximation of or a deviation from our true objective
measure of performance. We will see more in details the main performance measures later, but for the

moment we will note that we will evaluate models using a given performance measure:
p: YV x IV 5 R

Y = {yl(zi, ) € S}V, = .
where ( o » S @ set of ground truth values from a set of data S and

Y = {h(z;)|(2s,5:) € S}, % , , o _
( oo » s the set of corresponding predictions. Note that, given the

definition above, the empirical risk can be seen as a performance measure, but we need not restrict to

the empirical risk to evaluate predictive models.

Holdout Validation or Single Split

The simplest form of cross-validation is the holdout test. In this case, the initial set of data is split into
two different sets: a training set, which will be used to optimize the model (e.g., with empirical risk
minimization) and a test set, which is used to evaluate the performance of the model. The act of
optimizing the model on the training set is often called training, while the act of evaluating the
performance of the model on the test set is called testing. This approach pretends that the test data

is not available at training time and only uses it to evaluate performance.

The rule number one when using this technique is to avoid in any way to choose any characteristic of
the model based on the training data. Indeed, if we did so, we could end up in some form of
unmeasurable overfitting. To make sure that both the training and test set are i.i.d., before the split, the

data is randomly shuffled.

Also, since training data is usually precious and datasets are often not large enough, it is common to
split the data asymmetrically, choosing 70 — 80% of the data for training and 20 — 30% of the data

for testing.

The figure below illustrates the splitting process:

25/30



Fundamentals of Data Analysis - Lecture notes - A.Y. 2026/27 Antonino Furnari - Chapter 15

Dataset Random Shuffle

Training Set (70%)

Test Set (30%)

Examples
Examples

Features

Features

Featu Features

K-Fold Cross-Validation

When the dataset is very small, we may not want to sacrifice a part of it for testing only as this may
lead to a biased model. Also, we should note that a small test set could lead to a biased estimation of
the model performance. In these cases, rather than randomly splitting the data into two parts, we

randomly split it into K different parts, which will be called folds.

We then perform training and testing K times, each time using fold ¢ as the test set, and the remaining
folds as the training set. The final model performance is obtained by averaging the performance scores
computed in each iteration. Note that the obtained performance is unbiased, as each number in the

final average is computed on data which has not been seen during training.

The figure below illustrates the case of a 4-fold cross-validation.

All Data

Training Set Divided into Four Folds

Split 1

Split 2

Split 3

Split4
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The K-Fold cross validation has the advantage of allowing to validate the model without throwing
away a significant part of the data, but it is practically feasible only when the training procedure is not
too computationally expensive. Indeed, if training a model takes one week, a K-Fold validation will

typically require four weeks.

Leave-One-Out Cross-Validation

In leave-one-out cross-validation, the validation stage is performed in IV iterations, where [N is the
number of elements in the dataset. At the " iteration, the model is trained on all data points except
(ZIZ,', yi) : and tested on (a:i, yz): . The final performance is obtained by averaging the performance
scores obtained at each iterations. Note that this is the same as K-Fold cross-validation with K = N.

The figure below illustrates the process:

All Data

Iteration 1/9

Iteration 2/9

Iteration 3/9

Iteration 9/9

This approach is useful when the dataset is extremely small, but, similarly to K-Fold cross-validation, it

can increase the computation time by a large margin.

Model Selection and Hyperparameter Optimization

Many algorithms have some parameters which are not explicitly part of the final model h, but they
need to be set in order to solve the optimization problem. For example, in a ridge or lasso regressor,
the parameter )\ is used to control the amount of regularization during the learning process,
however, the final parameter is not part of the model and is not automatically found during the

optimization process.
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Hyperparameters are usually found using grid searches: we train models using different values of the
hyperparameters and choose the model which performs best. However, caution should be taken

when hyperparameters are selected with grid search.

Recall that we are not allowed to make any choice on the final model using the test set. Indeed, if
we did so, we may incur in a form of overfitting which we would not be able to measure. For instance,
we can choose a given parameter which works well only for that specific test set. How can we be sure

that performance will be good when new data is analyzed?

To avoid this problem, we should work with three different sets of data: a training set, a validation set,
and a test set. We will use the training set to train the model, the validation set to choose the
hyperparameters and the test set to test the final performance. This is done by training different
models on the test set, choosing the hyperparameter values leading to best values on the validation
set, and then re-training the model on the training set (or on the union of training and validation set) to

final test on the test set.

The most common scheme is to use a fixed split with a 60 : 20 : 20 ratio, as shown in the following:

Dataset Random Shuffle

Validation Set (20%) Test Set (20%)

Features Features

Examples

P

L
=S
E
5
3
I}

Examples

However, other combinations are possible. An approach which often used when the dataset is small is

a follows:

e The dataset is split into a training and test set;

e Hyperparameters are optimized using cross-validation on the training set - this consists in
executing different cross-validations with different hyperparameter values - then the parameters
achieving the best performance are chosen;

e Once the best hyperparameters are found, the model is re-trained on the full training set and

tested on the test set.

This is illustrated in the following figure:
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All Data

Training and Test Set

Training Set Divided into Four Folds

Split 1
= e [= ] Gl |
Split 2
[=TED = VLD
Split 3
[=ITE | = AR
Split 4
B Tein T Validation|)
Final Evaluation on the Test Set
=

Again, if the dataset is large enough and the training procedure is computationally expensive, it is

common to use a fixed split as illustrated above.

The scikit-Tlearn library allows to easily perform hyperparameter search using cross-validation for

different algorithms.

More in general, these techniques can be used to compare different models and select the best

performing one.

Exercises

1. Which goal? For each, say whether the aim is understanding or prediction, and what changes in
how you would fit the model: (a) does this drug work? (b) which patients should be screened first?
(c) why are customers leaving? (d) which customers will leave next month?

2. A split is a random variable. Fit a logistic regression on this data with ten different

random_state values for the train/test split. Report the range of test accuracies. What does this
say about a paper reporting a single number?

3. Cross-validation. Compare 5-fold and 10-fold cross-validation on the same model. Which gives
the higher mean, which the higher variance, and why?

4. Capacity. Fit polynomial regressions of increasing degree and plot training and test error against
degree on the same axes. Mark the point where overfitting begins, and explain the shape of each
curve.

5. Leakage. Scale the whole dataset before splitting, then fit and evaluate. Compare with scaling
inside a pipeline after the split. How large is the difference here, and why is the first version wrong

even when the difference is small?
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